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Question 1. (11 marks)                Marks 
 

(a) It is given that 3 i+  is a zero of 3( ) 60P x x rx= + + where r is real. 

(i) State why 3 i−  is also a zero of ( )P x .       1 

 
(ii) Factorise ( )P x  over the real numbers.       2 

 
(iii) Find the value of r.          1 

 

(b) Decompose 
( ) ( )
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x x
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− +

 into partial fractions over the real field.     3 

 
 

(c) The equation 3 3 1 0x x− − =  has roots α, β, γ. 
(i) Show that none of α, β, γ are integers.       2 
 
(ii) Form the polynomial equation with roots α2, β2, γ2.      2 

 
 
Question 2. (12 marks) 
 
(a) ( , ), (8,0) and ( 8,0)P x y Q R − are three points in the number plane such that  PQ + PR = 24 units. 

(i) Explain why P lies on an ellipse.        1 
 
 (ii) Find the equation of the locus of P in standard form.      3 
 
 

(b) (i) The hyperbola  2 2 8x y− =  is rotated 45° anticlockwise until it coincides  

  with 2xy c= .  Write down the value of c. (No proof is required.)    1 

 
(ii) Draw a neat sketch showing this information using the above value of c, 
 showing clearly  the coordinates of the foci and the equations of  

 the directrices of 2xy c= .         3 

 
 

(c) The point ( cos , sin )P a bθ θ  lies on one end of the latus rectum drawn to the ellipse 
2 2

2 2
1

x y

a b
+ = .  

 (The latus rectum is the focal chord perpendicular to the major axis) 
 
 (i) Show that cos eθ =  where e is the eccentricity.      1 
 

 (ii) Show that the length of the latus rectum is given by 
22b

a
.     3 
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Question 3.  (11 marks)                 Marks 
 
(a) (i) ( ) 0P x =  is a polynomial with a root of multiplicity m. Show that ( ) 0P x′ =  

  has a root of multiplicity ( 1)m − .        2 

 

 (ii) The polynomial 1 1n nx xα β+ + +  is divisible by ( )2
1x − .   

  Show that nα =  and ( )1 nβ = − + .        3 

 

(b) 
2 2

( 2 , ) and ( 2 , )P p Q q
p q

 are points on the hyperbola xy = 4. M is the midpoint of the chord PQ.  

 P and Q move on the hyperbola so that the chord PQ always passes through the point R(4,2). 
 

(i) Show that the equation of the chord PQ is given by 2( )x pqy p q+ = +    2 

  
 (ii) Show that 2pq p q= + −          1 

  

 (iii) Show that the locus of M  is given by 
2

1
2

y
x

= +
−

      3 

 
 
Question 4.  (12 marks) 

(a) 1 1( , )P x y  is a variable point on the hyperbola  
2 2
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1
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 (i) Show that the equation of the normal at P is given by 
2 2
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a x b y
a b
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+ = +    3 

 
 (ii) The tangent and normal at P meet the y-axis at G and H respectively    3 
  and S is a focus of the hyperbola. Show that ∠GSH is a right angle. 

  (You may assume the equation of the tangent at P is given by 1 1
2 2

1
x x y y

a b
− = ) 

 
 

(b) (i) Show the solutions to the equation  9 1 0z − =  on the Argand plane.    1 
 

 (ii) Show that the solutions to 6 3 1 0z z+ + =  are contained in the solutions to 9 1 0z − = . 1 
 

 (iii) Hence factorise 6 3 1 0z z+ + =  into real quadratic factors.     2 
 

 (iv) Show that ( )( )( )2 4 3
9 9 9 81 cos 1 cos 1 cosπ π π− − + = .      2 
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